The analysis of monolithic and sandwich plates is illustrated for those cases where the boundary conditions are not uniform along the thickness direction, and run at a given position along the thickness direction. For instance, a sandwich plate constrained at the bottom or top face can be considered. The approach relies upon a sublaminate formulation, which is applied here in the context of a Ritz-based approach. Due to the possibility of dividing the structure into smaller portions, viz. the sublaminates, the constraints can be applied at any given location, providing a high degree of flexibility in modeling the boundary conditions. Penalty functions and Lagrange multipliers are introduced for this scope. Results are presented for free-vibration and bending problems. The close matching with highly refined finite element analyses reveals the accuracy of the proposed formulation in determining the vibration frequencies, as well as the internal stress distribution. Reference results are provided for future benchmarking purposes.
Introduction
The modeling of two-dimensional layered structures has been the subject of several research efforts in the past. Indeed, their widespread use in many areas of engineering -including, but not limited to aerospace, marine and mechanical applications -stimulated the development of analysis tools for accurately predicting their response, both in terms of static and dynamic behaviour. In this context, free-vibration, bending, and buckling analysis of composite structures have been successfully carried out referring to equivalent single layer theories (ESL) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , layerwise approaches (LW) [1, 4, [11] [12] [13] [14] , as well as variablekinematic strategies [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
The wide majority of the mentioned studies considers boundary conditions of free, simply-supported and clamped edges. It is important to remark that these conditions reflect a modeling choice that inherently assigns null or infinite value to the stiffness of the restraint with respect to one or more directions of the displacement vector. In addition, the definition of the boundary conditions implies a choice regarding how the constraint is specified along the thickness direction: this definition is generally dictated by the degrees of freedom introduced by the kinematic model and/or the solution technique adopted, and does not necessarily reflect the actual modeling needs. For instance, FSDT models do naturally suggest the possibility of restraining the plate at its middle surface, as far as the generalized displacement components of the kinematic model are directly associated with displacements and rotations at the midsurface. On the contrary, this is less intuitive in the case of high-order ESL models, where the generalized displacement components are not directly associated with physical displacements, and restraining the overall edge displacements is then the simplest choice.
The mentioned simplifications can be in contrast with the real practice of engineering structures, where the possibility of obtaining accurate predictions is subordinated to the ability of properly specifying how the plate is constrained at its boundaries. In this context, improved modeling of the boundary conditions may imply the need for considering restraints of finite stiffnesses, as well as nonuniformity along the edge or the thickness direction.
The elasticity of the restraints has been considered, for instance, in Refs. [26, 27] with regard to the in-plane vibrations of isotropic plates in Ref. [26] using the superposition method. The case of non constant stiffness along the edges was investigated in Ref. [28] , while the role played by the stiffness of the restraint has been studied with regard to the buckling and post-buckling behaviour in Ref. [29] .
One special class of constraints that has been extensively studied in the literature is given by point supports. Their analysis is discussed for thin isotropic plates in the early works by Gorman [30] , where an analytical approach is presented, and in Refs. [31, 32] using the Ritz and the symplectic superposition methods, respectively. Internal line supports constitute another kind of constraints which has been sometimes analyzed. An example is found in Ref. [33] , where in-plane vibrations are analyzed for plates with non-uniform boundary conditions and internal line supports by means of improved Fourier series method, while anular sector plates with internal supports are analyzed in Ref. [34] .
As it regards the modeling of plates subjected to nonuniform conditions along the thickness, few studies can be found in the literature. Sokolinsky and Frostig investigated different support conditions at the same boundary section [35, 36] , while restricting their study to the case of 1D beam-like sandwich structures. Three-dimensional models were developed by Vel and Batra [37] , where orthotropic laminated plates were analyzed for the case of partial constraints along the thickness. The availability of reference results is thus very scarce in the field of monolithic plates and, to the best of the authors's knowledge, the case of non-uniform boundary conditions has never been assessed for sandwich plates.
The present works aims at filling this gap by presenting a modeling technique based on the subdivision of the laminate into sublaminates. This approach can be successfully applied to monolithic and sandwich plates for modeling non-uniform boundary conditions along the thickness direction. In particular, boundary conditions running at any given thickness-wise position can be considered, such that line constraints can be accounted for. A comprehensive set of results is presented for free vibration and bending problems, with special emphasis for the case of sandwich panels. The accuracy of the results is demonstrated by comparison against highly refined finite element computations.
Formulation

Preliminaries
The present approach is developed in the framework of the Sublaminate Generalized Unified Formulation (SGUF), introduced by D'Ottavio in Ref. [38] , and further extended by the authors in the context of the Ritz method [39] [40] [41] . The SGUF approach belongs to the class of variablekinematic approaches, which are capable of embedding several kinematic models within the same formulation. The method stems from the approach proposed by Carrera's Unified Formulation (CUF) (see Refs. [15, 16, 42] ) for multilayered structures and based on the expansion of the displacement field as the product between thickness functions and generalized displacement components depending on the in-plane coordinates. The SGUF introduces the concept of sublaminate, clusters of plies which can be associated with independent kinematic theories, where each displacement component can be expanded up to different orders according to the Generalized Unified Formulation (GUF) introduced in Refs. [43, 44] .
In the present effort, the SGUF approach is extended to allow the introduction of thickness-dependent boundary conditions, i.e. boundary conditions which are not constant along the thickness direction. This is done by referring to two different techniques, penalty functions and Lagrange multipliers, which can be introduced in a straightforward manner into the SGUF modeling approach, as outlined next.
Variational formulation
The formulation is developed in the context of a displacement-based approach, so the relevant variational statement is the Principle of Virtual Displacements. The free-vibration problem is derived by introducing the inertial forces according to the D'Alembert principle, and leading to the following scalar equation:
where summatory is implied for the repeated indexes. The first term of Eq. (1) is the internal virtual work, whilst the second is the external one. A Cartesian reference is system is taken such that x and y define the plane of the plate, whilst z is directed along the normal to the plate; Ω denotes the plate domain (3) where, without loss of generality, the external load has been considered as a pressure acting along z, and applied at the top of laminate.
It is convenient to introduce the nondimensional coordinates ξ and η, defined as:
In the framework of the Generalized Unified Formulation, the generic displacement component r associated with the ply p and belonging to the sublaminate k can be expanded as:
where Fτ defines the thickness functions, and N p,k ur is the order of the expansion, and ζ k is the nondimensional position along z, given by:
where z 0k is the position of the sublaminate mid-height, and h k the corresponding thickness. The thickness functions are defined, independently, for each sublaminate, and are approximated as the linear combination of Legendre polynomials:
Note that the functions Fτ are taken such that the terms F 0 and F 1 are unitary at the top and bottom, respectively. This choice offers the advantage of a simplified assembly procedure of the contributions arising from the different sublaminates, as the compatibility conditions can be easily imposed. Another advantage, illustrated next, is given by the possibility of introducing line constraints in a straightforward manner.
Ritz approximation
The Ritz method is applied as approximating technique for solving the differential problem. The generalized displacement components of Eq. (5) are thus expressed as the product between properly chosen trial functions and generalized unknown displacement amplitudes
having denoted with R and S the number of trial functions along the directions ξ and η, and with N ur j the generic trial function j. In turn, the trial functions are expressed by separation of variables as the product between a set of functions dependent on ξ , and a set of functions dependent on η:
According to the typical approach adopted in the context of the Ritz method, the trial functions can be taken as the product between a set of functions, which guarantee the completeness of the set, and boundary funcitons, which enforce the fulfillment of the essential condition:
where f and g indicate the boundary functions and P i are taken as Legendre polynomials. It can be observed that the description of Eq. (9) leads to the enforcement of boundary conditions which are uniform along z, i.e. the constrained displacement component ur is identically null for any value of ζ k . Whenever a different kind of boundary condition, non-uniform along the thickness direction, is of concern, the boundary functions f and g can be taken unitary, so:
According to Eq. (10), the generalized displacement components will be, in general, different from zero at the boundaries, and the enforcement of the essential conditions has to be accomplished by referring to penalty terms or Lagrange multipliers.
Boundary conditions
Notation
The present strategy aims at modeling any kind of boundary condition defined at a given position along the z axis. Consider the sketch reported in Figure 1a , where the edge at x = 0 is highlighted. One edge is subjected to two simply-supported con- S ζ A FFF, where the letters S and F denote simply-supported and free conditions. Accordingly, any other kind of boundary condition could be easily specified. For instance, plate with a simply-supported constraint running at the plate midheight would be indicated as
The way the conditions are imposed demands for a proper subdivision of the laminate into sublaminates, such that an interface exists in correspondence of each line constraints. Referring to the example of Figure 1a , the approach adopted here requires that three sublaminates are introduced, and the corresponding interfaces are located at ζ = ζ A and ζ = ζ B , as shown in Figure 1b . It is worth noting that, in this case, the introduction of sublaminates is not related to a conceptual subdivision of the stack into different sub-regions due to abrupt changes of the mechani- cal properties. Sublaminates are employed here as a mean for specifying the boundary conditions. For clarity, a few examples are depicted in Figure 2 , where the front view of plate is reported by considering different sets of conditions at the outer parallel edges. For instance, the first case of Figure 2a refers to the classical definition of simply-supported constraints, where the motion is prevented along the overall section of the plate. The other cases reported in Figure 2b , 2c consider a simplysupported constraint at the mid-section and the bottom, respectively, whilst a clamped condition at the bottom is shown in Figure 2d . It is worth noting that the second example of Figure 2b demands for a subdivision of the plate into two sublaminates, whereas the other cases can be modeled by means of one single sublaminate.
Penalty terms
The first approach for imposing the fulfillment of the boundary conditions is given by the use of penalty terms. The use of penalty functions is well-known in the literature, and its application in the analysis of composite plates can be found, for instance, in Refs. [45, 46] . Recalling the expansion of Eq. (6), where the thickness functions are chosen such that one single contribution is different from zero in correspondence of the top and the bottom of the sublaminate, it is possible to write the expression of the generic displacement ur as:
which illustrates that one single generalized displacement component contributes to the displacement at the outer faces of each sublaminate. Similarly, the expression of the Ritz expansion of Eq. (7) can be recalled, leading to:
The main idea of the penalty approach is to augment the expression of the internal virtual work by including a strain energy contribution associated with the presence of fictitious springs, which oppose to the displacements to be constrained. The augmented functional, in its general form, is then written as:
where kr is the penalty spring associated with the displacement component r, and l is the length of the edge. After substituting Eq. (12) into Eq. (13) the internal virtual work is then:
where P r ij is defined as:
and collects the components of the stiffness matrix due to the penalty spring of stiffness kr.
After assembling the contributions, the set of governing equations for the free vibration and bending problem can be retrieved as outlined in Ref. [24] .
Lagrange multipliers
A second possibility for imposing the boundary conditions is given by the use of the Lagrange multipliers. This method offers the advantage of imposing the required conditions in an elegant manner, with no need to make use of artificial springs (see Refs. [47, 48] ). At the same time, the drawback is given by the need for increasing the number of unknowns. The problem can be formulated by augmenting the expression of the internal virtual work as:
where neq is the number of compatibility equations to be imposed, λ k the Lagrange multipliers, and f defines the generic equation to be enforced. Note that the equation f depends upon the amplitudes associated with the generic displacement components u p,k r0,i and u p,k r1,i only. For the edges at ξ = ξ = const, the S equations expressing the constraints are in the form:
The R constraint equations expressing the vanishing of the component ur along an edge at η = η = const are:
Using a compact notation, the constraint equations given by Eqs. (17) and (18) can be written as:
where u is the vector collecting the overall degrees of freedom of the problem. The discrete equations governing the free vibration problem are finally obtained in the form:
where the expressions of the mass and stiffness matrices M and K are not reported for the sake of conciseness, but can be found in Ref. [24] . Similarly, the bending problem is obtained as the following augmented system:
Results
This section is devoted to the discussion of the results obtained using the SGUF-Ritz approach for the analysis of both monolithic and sandwich plates. Whilst the formulation presented is of general validity and can be, in principle, adopted within the context of any solution procedure, the results are restricted here to free vibration and bending problems. The validity of the Ritz predictions is checked throughout the section with accurate three-dimensional finite element analysis, performed using the commercial finite element code Abaqus. The purpose of the section is twofold. Firstly, illustrating the potentialities of the present Ritz implementation, demonstrating the possibility of handling any sort of boundary conditions with a high degree of freedom. Secondly, providing novel results that can be used for benchmarking purposes by other researchers when developing novel two-dimensional models or numerical approaches for solving structural mechanics problems. As demonstrated next, the adoption of non-classical boundary conditions may determine slower convergence, rendering the evaluation of accurate solutions more challenging to achieve.
Convergence analysis
A preliminary convergence study is conducted with respect to the value of the penalty stiffness. To this aim, a moderately thick square panel is considered, characterized by a nondimensional length-to-thickness ratio a/h=10. The material is isotropic, and Poisson's ratio 0.3 is assumed. The plate is constrained at the bottom of the four edges with simply-supported conditions, denoted as S −1 S −1 S −1 S −1 according to the notation previously introduced. This means that the plate is modeled as free along the four sides, while introducing two linear springs of stiffness kx and kz at the edges at y = const, and ky and kz at the edges at x = const. A kinematic theory ED 333 /ED 333 is adopted, so the plate is divided into two smaller sublaminates of thickness h/2. Note that this subdivision is not strictly necessary for imposing the boundary conditions, but is adopted here for consistency with the results reported later.
The trial functions are taken according to Eq. (10) where comparison is presented against the frequency obtained by means of the Lagrange multipliers technique. As observed, the convergence is achieved from below, with increasing values of the first fundamental frequency for increasing values of the penalty stiffness. Indeed small values of kp are associated with the violation of the homogeneous essential boundary conditions that the penalty term is intended to impose. In other words, the structure behaves as an elastically restrained plate, where part of the strain energy is actually stored in the penalty springs. After a given threshold, the penalty spring is stiff enough to make it energetically convenient the enforcement of the constraint, and just infinitesimal amounts of strain energy are stored in the springs. For the problem at hand, this threshold is observed in the range of nondimensional stiffnesses kp/E between 10 3 and 10 9 . Higher values lead to numerical issues due to the ill conditioning of the stiffness matrix. Is is worth noting the relatively large dimension of the interval, meaning that the approach is characterized by a good degree of robustness, and refined tuning of the penalty stiffness value is, in general, unnecessary. In a similar fashion, it is useful to illustrate the convergence with respect to the number of shape functions. In this regard, the first eight frequencies are presented in Table 1 for an expansion of R × R terms. It can be noted that using 30 functions can be a good tradeoff between accuracy and problem size. Indeed, the maximum percent difference with the results achieved using 40 functions is below 0.1%. At the same time, these results highlight the (10) do not satisfy exante the essential boundary conditions. This is in contrast with common Ritz strategies, where the trial functions are chosen to identically fulfill the essential conditions. For instance, the results for an analogous simply-supported plate (SSSS), not reported here for the sake of conciseness, calculated using the trial functions of Eq. (9) reach convergence with an expansion of just 8 terms. As illustrated next, the presence of linewise boundary conditions has the effect of slowing down the convergence of the solution with respect to the order of the kinematic theory. For these reasons, the importance of efficiently implementing the Ritz formulation is a crucial aspect, and is achieved by means of the kernel-wise description outlined in Ref. [49] . In this sense, the strategy previously outlined overtakes most of the Ritz approaches available in the literaturewhere just few terms are commonly used -, and allows for an effective handling of linewise constraints.
Free vibrations of monolithic plates
Free vibration analyses are conducted firstly on monolithic plates, considering both isotropic and composite configurations. The first set of results deals with the isotropic plate analyzed in the previous section, considering now five different types of simply-supported boundary conditions. The results are summarized in Table 2 , where the first eight nondimensional frequencies are reported for a plate simply-supported along the overall thicknesswise direction (SSSS), at the bottom (S −1 S −1 S −1 S −1 ), in the middle (S 0 S 0 S 0 S 0 ), with mixed conditions (SS −1 SS −1 ) and with a double constraint at the top and the bottom (
. The first case is analyzed referring to the trial functions of Eq. (9), so penalty terms and Lagrange multipliers are not needed; the second, the third and the fifth cases are evaluated by considering the free-free functions of Eq. (10), while the fourth case makes use of the free-free functions along the direction y, and simply-supported functions along the direction x.
Two kinematic theories are considered, based on the modeling of the plate by means of two sublaminates, each of thickness h/2. Note that this subdivision is strictly necessary for imposing boundary conditions at the midsection of the plate, while for the other cases one single sublaminate would suffice. A number of 30 trial functions is used for performing the Ritz computations. The results are compared against Abaqus 3D analyses, performed using highly refined mesh of second-order elements with reduced integration (C3D20R), with 80 × 80 × 20 elements along the planar and thickness directions, respectively. The total number of degrees of freedom is higher than 1.5 million. As revealed by the results of Table 2 , agreement between FEM and Ritz is achieved up to the third digit for the standard SSSS conditions. In the other three cases, very close matching is noted as well, although the percent differences between ED 555 /ED 555 and Abaqus results reach, in the worst case, a maximum value of approximately 1%. This beahviour is partly ascribable to the enforcement of the boundary conditions by means of the penalty technique, which has the effect of slowing down the convergence. Another reason is to be searched in the increased complexity of the vibrating modes of the plate when subject to line constraints. Indeed, the accuracy of the results is not improved when refining of the solution from ED 333 /ED 333 to ED 555 /ED 555 if the boundary conditions are homogeneous along the thickness (SSSS). On the contrary, the quality of the predictions is noticeably improved by refining the kinematic theory in the three remaining cases characterized by the presence of line constraints. The computational time for computing the results with the Ritz approach is two orders of magnitude smaller with respect to the finite element computations.
The case of a composite plate is analyzed in Table 3 , where the first four fundamental frequencies are reported for two composite plates with cross-ply and angle-ply stacking sequence. Note that the lay-ups are given from bottom to top, thus the condition
that the constraint is applied to the ply oriented at 0 and 45 for the cross-ply and angle-ply configuration, respectively. The material properties are taken as:
while the plate is characterized by a nondimensional ratio a/h=10, and subjected to five distinct simply-supported boundary conditions. Even in this case, the Ritz predictions are in close agreement with the finite element ones. Similarly to what observed for the case of isotropic plates, the requirements over the theory refinement are higher in the presence of line constraints. Looking at the results of Tables 2 and 3 one can observe that the boundary conditions have a non-negligible impact on the vibration frequencies, depending on whether the simply-supported condition is specified at the top, the middle or the bottom, or throughout the thickness direction. Another aspect that is strongly affected by the kind of constraint is the order between bending and membrane modes. According the the kind of constraint, the sequence of modes may change, thereby modifying the relative position between out of plane and in-plane modes.
The effect of the plate ratio a/h on the first frequency is illustrated in Figure 4 , where the values obtained using the ED 333 /ED 333 are plotted by considering the various boundary conditions. As observed, the role played by different definitions of through-the-thickness boundary conditions is relevant for thick and moderately thick plates, only. The effects becomes less important as the plate gets thinner and, for a/h higher than 25, no appreciable distinctions can be detected between the different constraint definitions.
Free vibrations of sandwich plates
The analysis of sandwich plates is what renders the use of the sublaminate approach particularly useful and, as demonstrated in Refs. [24, 38, 40] , the ratio between accuracy and number of degrees of freedom can be kept at maximum. To illustrate the capabilities of the SGUF-Ritz approach, different sets of panels are considered, characterized by different core properties and face stacking sequences. The materials considered throughout this section are taken from Ref. [5] and summarized in Table 4 . 
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Two types of simply-supported and clamped conditions are considered, with constraints applied at the bottom ply or along the overall section. No practical applications exist with constraints applied directly at the core of the panel, which is the weak part of the structure, thus inadequate for load introduction. For this reason, the application of line constraints running at the mid section is not investigated. The first vibration frequencies for the honeycomb core are summarized in Table 5 , where two different facesheet lay-ups are considered. In particular, they are obtained by the stacking of ten plies per face, with cross-and angleply configurations. The results are reported by considering different kinematic theories, all of them characterized by the subdivision of the stack into one sublaminate per face, and another one for the core. The total number of sublaminates is thus equal to three. In the notation of Table 5 , the first acronym is relative to the facesheet model, whilst the second refer to the core. For instance, ED 110 /ED 332 indicates that FSDT is adopted for the faces, and a kinematic theory of order {3, 2} for the core. For the problem at hand, all the results are derived by referring to the Lagrange multiplier technique. Indeed, the usage of penalty terms was found inadequate due to the onset of numerical issues. As a matter of fact, the stiffness of the penalties has to be taken some orders of magnitude larger than the typical stiffnesses of the faces. These latter, in turn, are characterized by much higher stiffness values with respect to the core. It follows that ill conditioning issues are more severe for sandwich plates than for monolithic ones. For this reason, the adoption of a penalty approach is not recommended. The results of Table 5 reveal excellent agreement with the finite element computations. It can be noted that a theory ED 110 /ED 332 is generally sufficient to achieve very accurate results for the SSSS boundary conditions, i.e. when the conditions are homogeneous along the thickness. This consideration holds irrespective of the facesheet stacking sequence. On the contrary, the introduction of line constraints renders the need for refined kinematic theories more clear. It can be noted that the refinement of the face theory is of particular importance as it is necessary to properly capture the local effects introduced by the line constraints. The refinement of the core theory has a minor impact on the quality of the results, as the extremal effects due to the constraints are substantially dampened out in correspondence of the core. To further highlight this aspect, the through-the-thickness plot is reported for the nondimensional modal displacement component u * x associated with the first eigenmode in Figure 5 . The shaded gray areas correspond to the facesheets of the panel. The plots refer to the angle-ply configuration and report the comparison between Abaqus predictions and those achieved using different theories. The curves relative to the classical SSSS condition are presented in Figure 5a by considering an equivalent single layer theory, ED 776 , and a sublaminate model ED 110 /ED 332 . As seen, the sublaminate description leads to results which are almost coincident with Abaqus, and further refinement does not provide any advantage. On the contrary, the two plots of Figures 5b, 5c demonstrate the more complex behaviour along the thickness direction due to the presence of line constraints. In these two cases, the ED 110 /ED 332 model does not guarantee close matching with finite element results, and increased refinement is needed to properly capture the behaviour of the modal displacement u * x . The results demonstrate the inherent three-dimensionality of the plate response when subjected to line constraints. The extremity effects are indeed pronounced, and their diffusion length determine non negligible differences even at global level, as seen looking at the values of the vibration frequencies of Table 5 . The case of sandwich plate with a PVC core is analyzed in Table 6 , where the accuracy of the Ritz predictions is seen by comparison against Abaqus finite element computations. Similarly to the honeycomb-core plate, the results indicate the need for increased kinematic refinement in the presence of line constraints. This behaviour is confirmed by observing the through-the-thickness response of the component u * x , as reported in Figure 6 . For the SSSS case, the behaviour presents the classical zig-zag shape, which renders the equivalent single layer theory ED 776 inappropriate to capture the discontinuity of the first derivative u * x,z at the interface between core and facesheets. At the same time, a sublaminate approach ED 110 /ED 332 leads to predictions which are almost identical to those achieved with Abaqus. In the two remaining cases of Figures 6b, 6c , the shape of the displacement is much more complex, and cannot be represented as a linear piecewise function. Such a behaviour demands for an improved de- scription which, as seen, can be succesfully achieved with a ED 332 /ED 776 model. To illustrate the modeling capabilities of the proposed formulation, the first four modes are reported in Figures 7  and 8 for a sandwich panel with angle-ply face, subjected to two different sets of simply-supported boundary conditions. In the first case, the conditions are applied across the overall edge, in the second they are applied at the bottom. The modal patterns are reported referring to the top face. As seen from the contour lines, the out-of-plane deflections go to zero at the boundaries in Figure 7 ing. The curves of Figures 9c and 10c refer to the normal displacement at the middle of the plate. The plots reveal non-negligible differences in the resulting through-thethickness shapes for the different cases, both for the honeycomb and PVC core. A proper modeling of the boundary conditions -distinguishing between conditions which are applied along the overall thickness, or at a given height -is thus an important feature for properly capturing the modal shapes.
Bending analysis of sandwich plate
The application of the present formulation is illustrated now with respect to the bending behaviour. The panel under investigation is square, with a length-to-thickness ratio a/h equal to 10. It is characterized by cross-ply faces with lay-up [0/90/0/90/0] and a PVC core; the material properties are those reported in Table 4 . A uniform pressure of intensity q is applied in the upward direction at the outer ply at the top of the plate. In order to illustrate the effects due to different boundary conditions, the comparisons are presented between constraints applied along the overall thickness, and at the bottom of the plate, i.e. at the location z/h = −1. comparison is presented against detailed finite element computations, in this case performed by adopting a mesh with density 80 × 80 × 18. The distribution of the elements along the thickness is realized such that the core is made of eight elements, while the faces are modeled with one element per ply. Quadratic elements C3D20 are now considered for guaranteeing improved resolution in terms of thickness-wise representation of the stress components. The in-plane components σxx and σxy are reported in Figures 11 and 12 , where the gray regions correspond to the faces of the panel. The matching with Abaqus results is excellent, confirming the high level of accuracy of the Ritz results. It can be appreciated how the internal stress distribution is affected by the way the boundary conditions are defined. The evaluation of the stress components is performed close to boundaries, so the results are affected by the local effects, both in terms of intensity as well of shape.
The internal distribution of the transverse shear stress component σyz is reported in Figure 13 referring to a stress recovery procedure based on the integration of the threedimensional equilibrium equations. This approach allows to obtain an accurate prediction of the stresses σ iz , while satisfying the continuity requirements along z. In the present case, the response is inherently different, depen- dently on the fact that the constraint is applied at the bottom or along the overall thickness. A stress reversal effect is observed for the configurations with S −1 S −1 S −1 S −1 and
with negative values at the lower face and
positive stress values at the upper one. On the contrary, the plates constrained with SSSS and CCCC conditions are characterized by an almost symmetrical behaviour, with a stress distribution characterized by positive values of σyz on both the upper and lower faces. The normal component σzz is reported in Figure 14 . Even in this case, a postprocessing procedure is implemented in the Ritz procedure, based upon the double integration of the 3D equi- librium equation along z. The accuracy of the predictions is very good, and differences due to the kind of boundary condition are correctly captured.
Conclusions
The paper discussed a possible approach to improve the modeling capabilities to define the boundary conditions of monolithic and sandwich plates in the context of a Ritzbased formulation. The approach allows to define constraints running along lines at any specified position along the thickness direction, and exploits the subdivision of the stacking sequence into sublaminates for defining the boundary conditions. In this sense, the sublaminates are a useful mean to maximize the accuracy to degrees of freedom ratio, as well as to improve the modeling capabilities of the approach. Two strategies were considered for specifying the constraints: penalty terms and Lagrange multipliers. The results demonstrate that penalty terms can be successfully used when analyzing monolithic plates, whereas their use is not suggested when dealing with sandwich plates. In this case, ill conditioning issues are particularly severe and Lagrange multipliers should be employed.
Exemplary results were derived for free-vibration and bending problems, revealing noticeable differences, both in terms of local and global quantities, between different constraint definitions. For instance, the free vibration frequencies can vary as much as 7% depending on how the simply-supported condition is specified. The influence of different boundary conditions is noted also in terms of relative order between bending and membrane modes. Noticeable differences are observed for local quantities, such as the distribution of internal stresses, especially close to the boundaries, but also away from them.
Overall the definition of line constraints, when compared to the case of uniform constraints, leads to a response which is inherently more complex. The need for through-the-thickness refinement becomes a crucial aspect, and the advantages of a variable-kinematic approach are thus clear. The increased difficulties in capturing the response of plates subject to line constraints suggests the use of the proposed results as a benchmark for future investigations.
